The exponentiated inverted Weibull distribution is a generalization of the exponentiated inverted exponential distribution as well as the inverted Weibull distribution. In this paper, Bayes and classical estimators have been obtained for two parameters exponentiated inverted Weibull distribution when sample is available from complete and type II censoring scheme. Several Bayesian estimates are obtained against different symmetric and asymmetric loss functions such as squared error and LINEX. This was done with respect to the conjugate priors for two shape parameters. As expected, when the shape parameters are unknown, the closed-form expressions of the Bayes estimators cannot be obtained. We used an approximation based on the Lindley and Markov chain Monte Carlo method (MCMC) methods for obtaining Bayes estimates under these loss functions. All Bayesian estimates are compared with the corresponding maximum likelihood estimates numerically in terms of their mean square error values. Finally, real data sets are analyzed for the purpose of illustration.
Introduction
Recently the two-parameter exponentiated inverted Weibull distribution (EIW) distribution has been proposed by Flaih et al. (2012) . The two-parameter EIW distribution has the following density function f (x) = θβx −(β+1) (e −x −β ) θ ; x > 0, (β > 0, θ > 0).
and the distribution function
Also, the reliability and hazard functions of the EIW distribution with two shape parameters θ and β are given by
and
In the next section, we deal with the problem of estimating the parameters θ, β and the reliability function under squared error loss (SEL) and LINEX loss functions. The prior distribution for the parameters of the model has been taken as a natural conjugate prior. The SEL and LINEX loss functions for a parameter δ are as follows, respectively,
where a and h are shape and scale parameters of the loss function, respectively and Δ= δ −δ denotes the scalar estimation error in usingδ to estimate δ. Generally, the sign and magnitude of h in LINEX loss function reflect the direction and degree of asymmetry. This has been introduced by Varian (1975) and further properties of this loss function have been investigated by Zellner (1986) . For small values of h (near to zero), the LINEX loss function is almost the same as the SEL and for the choice of negative or positive values of h, the LINEX loss function gives more weight to overestimation or underestimation (for details, see Zellner 1986 ).
In Bayesian approach, we need to integrate over the posterior distribution and the problem is that the integrals are usually impossible to evaluate analytically. Markov chain Monte Carlo (MCMC) technique is a Monte Carlo integration method which draws samples from the target posterior distribution. MCMC methodology provided a convenient and efficient way to sample from complex, high-dimensional statistical distributions. Recently, application of the MCMC method to the estimation of parameters or some other vital properties about statistical models is very common. Pang et al. (2007) claimed that MCMC is quite versatile and flexible for use in parameter estimation of the three-parameter Weibull distribution. Soliman et al. (2012) considered the maximum likelihood and Bayesian inferences of the unknown parameters of modified Weibull distribution and they used MCMC technique to approximate the Bayes estimates.
The main objective of this article is to estimate the two unknown parameters of the EIW(θ, β). We use the maximum likelihood and Bayes methods to derive such estimates. The estimators are obtained by using the data of type II censoring. Also the asymptotic confidence intervals for the parameters are also derived from the Fisher Information matrix. It is observed that the Bayes estimators can not be expressed in explicit forms and they can be obtained by two dimensional numerical integrations only. We use the idea of Lindley to compute the approximate Bayes estimators of the unknown parameters and it is observed that the approximation works quite well. We compute the approximate Bayes estimators under the assumption of independent gamma priors of the unknown parameters and compare them with the maximum likelihood estimators (MLEs) by Monte Carlo simulations. We also propose Markov Chain Monte Carlo (MCMC) techniques to generate samples from the posterior distributions and in turn computing the Bayes estimators. The posterior density functions match quite well with the histograms of the asymptotic confidence intervals of the samples obtained by MCMC methods.
The rest of the paper is organized as follows. In the next section, the ML estimators of the unknown parameters and reliability function are presented. . In section 3, we propose the Bayes estimators of the unknown parameters. The approximate Bayes estimators based on Lindley and MCMC techniques, under SEL and LINEX loss functions are also considered in sections 4 and 5. Numerical results are provided in section 6. Finally conclusions appear in section 7.
The maximum likelihood estimation
Maximum likelihood estimation is one of the most popular methods for estimating the parameters of continuous distributions because of its attractive properties, such as consistency, asymptotic unbiased, asymptotic efficiency, and asymptotic normality. In this section we discuss the maximum likelihood estimators of the parameters of the EIW distribution and their asymptotic properties.
Suppose that X 1 < X 2 < ... < X r is a type-II censored sample of size r obtained from a life test on n items whose lifetimes have the EIW(θ, β) model. It is assumed that both parameters θ and β are unknown, the likelihood function for the parameters θ and β is then
where,
If n = r then, equation (7) reduces to complete samples. By taking logarithm of Eq. (7), the log-likelihood function is
The maximum likelihood estimates of θ and β are obtained by setting the first partial derivatives of Eq. (8) to zero with respective to θ and β, respectively. These simultaneous equations are
It may be noted that this is an implicit equations inθ ML andβ ML , so it can not be solved analytically. We propose to solve it by using numerical iteration method, particularly NewtonRaphson method. If n = r the normal equations in (9) and (10) will reduce to the normal equations from complete sample in Flaih et al. (2012) . Using the invariance property, the MLER ML of R may be obtained by replacing θ and β by its MLEsθ andβ, in (3). ThusR
The asymptotic variance covariance matrix of the estimators of the parameters θ and β is obtained by inverting the Fisher information matrix in which elements are negatives of expected values of the second partial derivatives of the logarithm of the likelihood function. The elements of the sample information matrix, for censored schemes sample will be
The asymptotic normality of the MLE can be used to compute the approximate confidence intervals for the parameters θ and β become, respectively,
where z α 2 is a standard normal variate.
Bayes estimation
Now, we deal with the problem of estimating the parameters θ and β and the reliability function R (t) of EIW distribution under a SEL in (5) and LINEX loss functions in (6) . Since the parameters θ and β are assumed to be unknown, the prior distributions for θ and β are taken to be Gamma(a, b) and Gamma(c, d) respectively. So, the joint prior distribution of θ and β is of the form
Then the posterior distribution of θ and β is obtained as
where
Now,we obtain Bayesian estimates of θ and β and R(t) against the squared error loss function L 1 and the LINEX loss function L 2 when the prior distribution is given by (17). Bayesian estimates of θ and β against the loss function L 1 are respectively obtained aŝ
the Bayesian estimate of the reliability function R(t) for the loss function L 1 is obtained aŝ
Also, against the loss function L 2 , the Bayesian estimates of θ and β
dθdβ, (24) the Bayesian estimate of the reliability function R(t) for the loss function L 2 is obtained aŝ
In the next section all estimators considered in this section, are obtained using a well known approximation method.
Lindley approximation
In the previous section, based on a type II censored sample we obtained several Bayesian estimates of θ, β and the reliability function R(t) of an EIW(θ, β) distribution. These Bayesian estimates are derived against squared error and LINEX loss functions. It is easily observed that all these estimates are in the form of ratio of two integrals for which simplified closed forms are not available. Thus to evaluate these estimates in practice intensive numerical techniques are required. Instead, one can apply approximation methods to evaluate these estimates. Here, we use Lindley's method (see Lindley (1980) ) to approximate all the Bayesian estimates discussed in the previous section. For our estimation problem we briefly describe this method below. As noticed the Bayesian estimates involve the ratio of two integrals, we consider I(x) defined as
where u (θ, β) is function of θ and β only and (θ, β|x) is the log-likelihood (defined by the Eq. (8)) and ρ (θ, β) = log π (θ, β). Utilizing the Lindley's method I(x) can be approximated as
whereθ andβ are the MLE's of θ and β respectively. Also, u θθ is the second derivative of the function u (θ, β) with respect to θ andû θθ is the same expression evaluated at (θ,β). Other expressions can be interpreted exactly in similar manner with following definitions,
With the above defined expressions, we can deduce the values of the Bayes estimates under SEL of various parameters in what follows.
, the Bayesian estimate of β under SEL is given bŷ
we obtain the Bayes estimateR BS (t) of the reliability function R(t), in whicĥ 
, we obtain the Bayes estimate β BL of the parameter β.
(II) If u (θ, β) = e −hR(t) in (27),
The Bayes estimate of the reliability function R(t) under a LINEX loss function is given by 
Markov Chain Monte Carlo Estimation
The MCMC algorithm is used for computing the Bayes estimates of the parameters θ and β as well as the reliability function. We consider the Metropolis-Hastings algorithm, to generate samples from the conditional posterior distributions and then compute the Bayes estimates. 
Similarly, the full posterior conditional distributions for β is
It can be seen that Equation (42) is a gamma density with shape parameter (r + a) and scale parameter (
and, therefore, samples of θ can be easily generated using any gamma generating routine. However, in our case, both conditional posterior distributions of β cannot be reduced analytically to well known distributions and therefore it is not possible to sample directly by standard methods, but the plots of them show that they are similar to normal distribution. So, as suggested by Tierney (1994) , a common way to solve this problem is to use the hybrid algorithm by combined a Metropolis sampling with the Gibbs sampling scheme using normal proposal distribution. To sample from (43) we generated a proposal value from a normal distribution N β (j−1) , K βσββ ,σ ββ is variances-covariances matrix, and K β is scaling factors. The hybrid Metropolis-Hasting and Gibbs sampler works as follows:
(1): Start with initial guess θ (0) , β (0) .
(2): set j = 1.
).
(4): Using Metropolis-Hastings, generate β
(6): Set j = j + 1.
(7): Repeat steps 3-6, N times.
It well known that rapid convergence is facilitated by choosing appropriate starting values. In order to guarantee the convergence and to remove the affection of the selection of initial value, the first M simulated variates are discarded. Then the selected sample are θ (j) and 
Also, the approximate Bayes estimates for θ, β, and R(t), under LINEX loss function, from (6) are then given byθ
Data analysis and comparison study
In this section, a Monte Carlo simulation study and a real data set are presented to illustrate all the estimation methods described in the preceding sections. All the computations are performed using mathematica code.
Numerical comparison study
In this subsection, we present some results based on Monte Carlo simulations to compare the performance of the different methods for different censoring schemes, and for different parameter values. We compare the performances of the MLEs and the Bayes estimates (with respect to the squared error loss function and LINEX loss function) in terms of mean squares errors (MSEs).
In order to assess the statistical performances of these estimates, a simulation study is conducted. The random samples are generated as follows: For given values of the prior parameters (a, b, c, d ), generate random values for θ and β from the gamma distributions.
1.

2.
Using θ and β, obtained in step (1), and generate random samples of different sizes: n = 15, 40 and 50 from the EIW(θ, β) distribution. The computations are carried out for such sample sizes and censored samples of sizes: r = 10, 35 and 45, respectively.
3.
The MLE of the parameters θ and β are obtained by iteratively solving the Equations (9) and (10) . The estimatorR ML (t) of the functions R(t) is then computed at some values of t.
4.
Based on Lindley approximation, the Bayes estimates relative to squared error loss,θ BS , β BS andR BS (t), given, respectively, by Equations (28), (29)and (30), and relative to LINEX lossθ Bl ,β Bl andR Bl (t), given, respectively, by Equations (31), (33) and (36), are all computed.
5-
We run the Gibbs sampler with in M-H algorithm to generate a Markov chain with 10, 000 observations. Discarding the first 500 values as 'burn-in' and taking every tenth variate as i.i.d. observations. Based on MCMC samples, the Bayes estimates relative to squared error loss,θ BSM C ,β BSM C andR BSM C (t), given, respectively, by Equations (40), (41)and (42), and relative to LINEX lossθ Bl ,β BlMC andR BlMC (t), given, respectively, by Equations (43), (44) and (45), are all computed.
6-
The above steps are repeated 1000 times and the biases and the mean square errors are computed for different sample sizes n and censoring sizes r, In all above cases the prior parameters chosen as a = 2, b = 1, c = 2 and d = 1 , which yield the generated values of θ and β are 0.7013 and0.9129 as the true values. Also The true values of R(t) and, when t = 0.5 is computed to be R(0.9) = 0.5379. The average Bayes estimates (first entries) and mean squared errors (MSEs) (second entries) are displayed in Tables 1-3 . The computations are achieved under complete and censored samples. From Tables 1 -3 , the Bayes estimates based on Type-II censored data relative to SEL and LINEX loss functions are better than their corresponding ML estimates, for most cases of n and r. When the effective sample sizes (n, r) are increase the MSEs of the all estimates based on Type-II censored data are decrease.
Example (real data set)
In our real data analysis we consider the data set from Nicholas and Padgett (2006) From these uncensored data we applied our data selection technique for type-II censoring technique with two failure times r = 70 and 90 respectively. We estimated the parameters θ, β and reliability function R (t) and 95% confidence intervals for the sample size 100 and number of failure 70 and 90 respectively. We run the Gibbs sampler with in MH algorithm to generate a Markov chain with 30, 000 observations. Discarding the first 5000 values as 'burn-in' and taking every tenth variate as i.i.d. observations, starting from 5001. This is done to minimize the auto correlation among the generated deviates. The convergence is monitored using trace plots.
We used the non-informative gamma priors for θ, β, that is, when the hyperparameters are 0, a = b = c = d = 0. The estimated results are given at Table 4 , 5 and 6. Confidence intervals can be computed using several different approaches. The usual method assumes that the sampling distribution of the estimator is approximately normal (MLEs are asymptotically normal). Thus, based on the complete samples (r = 100), from (16) the 95% probability intervals for θ and β are (2.4452,3.7259) and (1.554,1.9935). Based on MCMC samples, a 100(1 − γ)% probability interval for the unknown parameter may be estimated by taking the (100 α 2 )th and (100(1 − α 2 ))th percentiles of the sample as the lower (LL) and upper (UL) bounds, respectively. Hence, the 95% probability intervals for θ, β and reliability function R (t) are given, respectively by (2.4479, 3.6896), (1.5511, 1.9870) and (0.5071, 0.6678).
Conclusion
Estimation of the parameters and reliability function are obtained when data are drawn from the two parameters exponentiated inverted Weibull distribution. Type II censoring is imposed. The likelihood and Bayes methods are used in estimation. In the Bayes case, the estimators are obtained under squared-error and LINEX loss functions. The MCMC method provides an alternative method for parameter estimation of the EIW model. It is more flexible as compared to the traditional methods such as MLE method and Lindley approximation. Indeed, the MCMC sample may be used to completely summarize posterior distribution about the parameters, through a kernel estimate. This is also true for any function of the parameters such as reliability function, hazard function, etc. The MCMC procedure can easily be applied to complex Bayesian modeling relating to EIW model. The methods are compared by computing the mean squared errors. From Tables 1-3 , it may be noticed that the Bayes estimates are, generally, better than the MLEs against the proposed prior in the sense of having smaller MSEs. Even for sample size as small as n = 15, good Bayes estimates (with smaller MSEs),are obtained under LINEX loss function as well as SEL with the same censoring level. All estimates improve by increasing sample size.
